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SINGLE SPOT IDEALS OF CODIMENSION 3 AND LONG 
BOURBAKI SEQUENCES 

YUKIHIDE TAKAYAMA 



Abstract. Let if be a field and S = K[xi, . . . , x n ] be a polynomial ring. A single 
spot ideal I C S is a graded ideal whose local cohomology H^S/I), i < dim S/I 
and m = (xi, . . . , x n ), only has non-trivial value TV, a finite length module, at 
i = depth S/I. We consider characterization of single spot ideals in terms of (long) 
Bourbaki sequences. The codimension 2 case has been fairly well investigated. In 
this paper, we focus on the codimension 3 case. 



Introduction 



Let S = K\ polynomial ring over a field K with the standard 

grading and let m = (xi,...,x n ). All the modules and ideals in this paper are 
graded. A finitely generated S-module M is called a generalized Cohen- Macaulay 
(CM) module if the local cohomoloy module H l m (M) has finite length for all i < 
dim(M). A ring R is a generalized CM ring if it is a generalized CM i?-module. An 
ideal / C S is called a generalized CM ideal if S/ 1 is a generalized CM ring. If a 
generalized CM module M satisfies dim M = dim S, it is called maximal. 
■ In this paper, we are interested in generalized CM ideals. In particular, single spot 

ideals. An ideal I C S is called a single spot ideal of type (t, N) where t = depth S/ 1 
and iV is a finite length S'-module if the local cohomology only has a non-trivial value 
iV at dimension t, i.e., 

Ft ' /n(n f for all i < dim S/ 1 with i ^ t 

>\ H* m {S/I) = { N . u = t 

Let / C S be a generalized CM ideal of codim/ = r (r > 2). Then by Corollary 1.3 
[3] we have a long Bourbaki sequence 

— > F r _ x — ► ► Fx — > M — >I — >0 

with S'-free modules Fj (i = 1, ... ,r — 1) and M is a maximal generalized CM 
module whose local cohomology is as follows 

HiW^H^iS/I) ilKn-r + l 
ii i = n — r + 1 



(1) K(M) 



In this sence, the ideal / is approximated by M. Notice that the value of H l m (M) 
fori = n — r + 2, . . . ,n — 1 are irrelevant to this approximation. However, the 
construction given in the proof of Corollary 1.3 jl] (and also Lemma 1.3 pQ in a 
slightly different situation) always makes the module M such that if^(M) = 
for i — n — r + 2, . . . , n — 1. In this paper, we are interested in long Bourbaki 
sequences with approximation modules M such that H l m (M) (i = n—r + 2, . . . , n— 1) 

l 



are not always trivial, and study the case of codimension 3, namely the case of 
//™ _1 (M) = N where N is a non-trivial finite length module. Notice that in the 
case of codimension 2 we always have H^ l (M) = 0. 

First of all, we will give a characterization of a maxmal generalized CM module 
M whose local co homology is 

( K ifi = t+l 

(2) H^M) = I N if % = n - 1 

( if % < n - 2, i ^ t + 1 

in terms of the first syzygy of M. See Theorem 11.11 Then we consider the special 
case of M — E t+ \ © E n -i(d) where Ej denotes the jth sygyzy module of the field 
K over S. We will use the notation M(d), for a graded module M and d G Z, such 
that M(d)i = Mj+i (the d + ith component of M) for all i 6 Z. Our question is how 
we can construct a long Bourbaki sequence 

(3) — > F — > G — ► Et+i © S„_i(d) — ► /(c) — ► 

of non-trivial type. Here a trival type construction is as follows. First construct a 
long Bourbaki sequence 

— > F' — ^ G' — ^ /(c) — > 

according to the method given in the proof of Corollary 1.3 |lj (or Lemma 1.3 pQ). 
Then make the direct sum 

— > F' © K n (d) ^ G' © K n ^{d) ^ E t+1 © S n _i(d) /(c) — > 

where (K„d,) is the Koszul complex of the sequence xi, . . . , x n over S 1 . We will 
denote a base A • • • A x ik (1 < ii < • • • < < n) of the Koszul complex of the 
sequence xi,...,x n by cr^...^} or e iv ..i k . Notice that, in the trivial type Bourbaki 
sequence E n _i(d) does not contribute to / via (p. 

It is well known that a (short) Bourbaki sequence — > F — > M — > I — > is 
constructed by finding '(graded) basic elements' in M. See E] for the standard 
basic element theory and jU E] for graded version. However, there is no compara- 
tive notion for long Bourbaki sequences. We give a simple answer to this problem 
in the case of E t +i © E n -i(d) (and M = E t +i). We will give a characterization 
of long Bourbaki sequences in terms of elemets from K t+1 © K n _ x (from K t+ t) 
and from K n _ t _i © K\ (from K n _ t _i) satisfying certain conditions, which suggests 
a consruction of the long Bourbaki sequences. See Theorem 12 . 21 and 12 . 31 In particu- 
lar, non-trivial type construction is characterized by an additional condition on the 
elements from K t+ i © K n _i ( Theorem 12. 7|) . 

However, the existence of a long Bourbaki sequence Q only means that / is a 
single spot ideal of codimension less than or equal to 3. We give a numerial condition 
to assure codim/ = 3. See Theorem 13.51 Finally, we give some examples. 

For a module M K), we will denote the jth syzygy module over S by flj(M). 
Also we use two kinds of duals, (— ) v = Hom s (-, K) and (— )* = Hom jS (-, S(—n)). 
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1. Approximation Modules of Single Spot Ideals of type (t,K(—c)) 

In this section, we consider approximation modules M of codimension 3 single 
spot ideals I C S of type (t, K(—c)) in long Bourbaki sequences 

— >F — > G — > M — ► 1(c) — > 0. 

If we restrict ourself to the case of H^~ 1 (M) = 0, we have M = E t+ i © H for some 
free S"-module H according to Herzog, Takayama [J] and Amasaki pQ. We will now 
consider the general case. 

Theorem 1.1. Let M be a maximal generalized CM module over S and consider 
its first sygyzy: 

— > fii(M) — > F — > M — > 

and let gi, . . . , gi be a minimal set of generators offli(M) whose degrees are ai, . . . , aj. 
Also let N be a finite length module over S , which may be 0. Then the following are 
equivalent. 

(i) For t < n — A, we have 

( K ifi = t + l 

H i m (M) = \ ifi<n-2,i^t + l 

{ N ifi = n-l 

(ii) (a) ^(M) ® l i=1 S(- ai )/E t+3 , and 
(6) fii(M)* S N v + F*/M* 

Proof. We first prove (i) to (n). Let F. be a minimal free resolution of M over S 1 : 

F. : — F M ^ F M ^ 2 .-.^F 2 ^F 1 ^F ^M^O. 

By taking the dual, we have 

n p* ft p* fj % f n-t T 2 p * Pn-t-1 p * n 

U y r y r l y r 2 > P n-t-2 * P n-t-l ' U - 

Then by local duality the jth cohomology of this complex is 

( N v if j = 1 

E^(M,S(-n))^H^(M) v =\ if j > 2, j ^ n - t - 1 

[ if if j = n - 1 - 1 

for j > 1. Thus 

o _^ i mv9 ; _^ F 2 * — ► F*_ t _! — > F — > o 

is exact and _F 2 to F*_ t-1 part is a begining of a minimal free resolution of K, 
which is isomorphic to a begining of the Koszul complex (K,,d,) of the sequence 
xi, . . . ,x n . Namely, 

K-t-i-Ko, ■■■ , Fa* = if«-t-3 and Im<^£ n _ t _ 2 . 

On the other hand, we have N v = Ker^/Im^ and F n _ 4 _ 2 = liny?; = F x */Ker^. 
Now set £/ := Coker (p\ = F*/lmtp*. Then 

U/N v = (ifi7lm^)/(Ker^/Im^) = i^/Ker^ = £ n _ t _ 2 . 
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Thus we have 

— > N v — > [/ — > — > 

Taking the dual, we have 

o — ^u_ 2 — > u* — > (iv v )*. 

Since iV has finite length, iV v has also finite length by Matlis duality, so that (iV v )* = 
0. Also E* n _ t _ 2 = E t+ s by self duality of Koszul complex. Thus we have U* = E t+3 . 
Then by dualizing the exact sequence 

(4) — > M* — > F* ^ F* — >U — > 



we have 



— > E t+3 — > F t -^4 F — > M — >■ 0. 



This proves (ii)(a). Now from the short exact sequence 

— ► fii(M) — > F M — > 
we have the long exact sequence 

— > M* ^ F* — ► fi^M)* — ► iV v — ► 

since we have Extg(M, S(—n)) = H™~ 1 (M) n = N v by local duality. This proves 
(ii)(b). 

Next we prove (ii) to (i). By (ii)(a) we have a 5-free resolution of M: 
where F and Fx are 5-free modules. By taking the dual, we have the complex 

o^M'^f*^ f* 9 Mk; +3 9 M...^k:^o 

Then by local duality and selfduality of Koszul complex we compute 

K ifi = t + l 



H l m (M) 9* ExtfT l (M, S(-n)) v = 
Now by dualizing the exact sequence 



if i < n - 2, i ^ * + 1 



Kt+3 ^ -Pi Ker y? — ► 



we have 

0— >(Ker ¥ > )* F* ^ *T t * +3 , 
so that we have fli(M)* = (Ker</2 )* = Ker(<9 t * +3 ). Then by the condition (ii)(b) we 
compute 

H n-i {M y * Ext 1 s (M,S(-n)) = Kerd; +3 /Imrt 
= Qi(M)*/(F */ (/9g(M *)) 
= iV v 

as required. □ 



Corollary 1.2. Let M be a maximal generalized CM module satisfying Theorem \l.l\ 
(i). Then its minimal free resolution is in the form of 

0^K n ^K n ^... d -^K t+3 9 -^F 1 ^F ^M^0. 

Notice that F\ is a S"-free module containing a submodule isomorphic to E t+ ^. 

Example 1.3. Let M = E t+1 © E n ^. Then H l m (M) is as in Theorem\T^ (i) with 
N = K . Since M has a minimal free resolution 

U > K n > ■ ■ ■ y A f+3 y K t+2 © K n > A t+ i © A n _i > M > (J, 

we have Qi(M) = Et+2 (B E n = G/Et+3 where G = K n+ 2 © E n . Thus we have 
Theorem[Tl\(ii)(a). On the other hand, we have fii(M)* = E* t+2 ®E* n = E n - t -i®S 
by self duality of Koszul complex and E n = S(—n). Again by self duality we have 
(K t+ i@K n _i)* /M* = (ift + i©i^ n -i)*/ {E t +i®E n -i)* = (K n _ t _ 1 @K 1 )/(E n _ t @E 2 ) = 
{K n _ t _ x / E n _ t ) © (Kx/E 2 ) = E n _ t _ x @E X = E n _ t _ x © m. Thus fi 1 (M)7(( J K t+1 © 
Kn-xY/M*) = S/ra = K = K v and we obtain TheoremWl\ (ii)(b). 

2. Long Bourbaki sequences with Approximation Module 

E t+1 © E n ^(d) 

In the last chapter, we considered approximation modules M satisfying the con- 
dition of Theorem ll.lf i). We now focus on a special case of M = E t+1 © E n _i(d), 
and investigate the long Bourbaki sequences. 

We will use the following well known result frequently without refering it. First 
of all, we will give a proof for the readers' convenience. 

Lemma 2.1. For the t-th syzygy module of K over S, we have 

f n — I s 
t - 1 

Proof. Let Ki be the ith. Koszul complex. Then we have an exact sequence 



rank E t 



— > K n ff n _i ^4 % K t — > E t — > 

so that 

rank(£ t ) = ^(-1)^ rank(^) = = (-1)^ £(-!)< P) . 

i=t i=t ^ ' i=0 ^ ' 

Now set a(n, t) := rank(i^). By a straightforward calculation, we have a(n,t) — 
a(n — 1, t) — a(n — 1, t — 1). Thus we have 

a(n, t) = a(n — 1, t) + a(n — 1, t — 1) 

- <-ir g(-ir( n - ') + t-irgt-D'C 7 - (::;)• 

as required. □ 



2.1. Characterization of long Bourbaki Sequences. For J, K C [n] = {1, 2, . . . , n} 

with J n K = we define a(J, K) = (-1)* where i = fc) G J x K | j > k}. 
Then we have Xj A % = cr( J, K)xj u k- 

Now a long Bourbaki sequence with approximation module E t+1 © E n _i{d) is 
characterized by suitable sequences from fQ+i © if n -i an d its dual. Namely, 

Theorem 2.2. Following are equivalent, 
(i) We have a long Bourbaki sequence 

v q 

— > — ^ — ^ ^+1 © E -M — ^ J ( C ) — ^ ( e ^) 



i=l 



i=l 



where I C S is a graded ideal, 
(ii) We have P\,...,P q G -fQ+i © K n -i(d)\E t+ 2 © E n (d) and ip = (a,b) with 
a G A and b G B ; where 



n—t 



n\ 



A = ( E(- 1 ) J ' +1(J ( L \fe}, (MVO U {^})^,ef [n] \ L)u{i . } | L = {h, . . .,i n . t } C 
\j=i 

B = ((-iy Xj e\ nUi} - (-iyxie* nMj} | 1 < i < j < n), 
such that 

(a) <f : K t+ i © i ; T n _ 1 (d) — > S(—n) is a degree 'n + c' homomorphism and 
Ker(v?) = {p x ,...p q ) + E t+2 © E n (d), and 

(b) we we have the following diagram, with p = q — n + 2— ( n ^ 1 ) 







Ker Res(p) 



©f=l S( a i 



{Pi,..., p g ) n E t+2 ® E n (d) 







Ker 



■+ 



eii 5(-6i 

{Pl,---,Pq) 





where P(gi) = Pi for all i with g±, . . . ,g q the free basis of ®? =1 S(—bi), 
and Res(-) denotes the restriction of maps. 

In this case, we have I = <p(K t+ i © K n -i(d))(—c) 
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Proof. We first prove (ii) to (i). First notice that, by the selfduality of Koszul 
complex, we have 

TP ~ TP* ~ Pi* ( TP* 

— ^n-i+l — u n-i+l\ rj n-i+l) 

i 

^(-l) fc+ V(J\{j fe }, [n] - (J\{jk}))x ]k e* [n] _ {A{jk}) : J = { Ju ...,*}<= M 
. fe=i 

See H Chapter 1.6. Thus A = d* +1 (E* +1 ) and B = Then, there exists 

a G and 6 G such that a = a o and b = bo d n -\. Then by (a) we have 
the diagram 

> ((3 1 ,...,f3 q )+E t+2 ®E n (d) > K t+l ®K n ^{d) -^U S(c) 



^ ► (5p 1 ,...,dl3 q ) > E t+1 ®E n ^(d) Sic) 





where = (a, b) and 3 := <9 i+ i © <9 n _i(d). On the other hand, we have 

Kerdop = {%2h i g i \d(%2hil3 i ) = 0,h i eS} 
i=i i=i 
q q 



h i9i I hi/3i G Ker 5 = E *+ 2 ® ^ G 5 ^ 

1=1 8=1 

9 g 

{J2 hi9i | h i9i) e (A, • • • , /3 ? ) n £ t+2 © £ n (d)} 
1=1 

05(- 



i=l i=l 

1=1 

where the last isomorphism is by (b). Notice that let u G ®\ =1 S{—bj) be such 
that (3{u) G . . . , (3 q ) H -E t+ 2 © E n (d). Then u must be in ®f =1 S(— a$). In 
fact, by (b) we can choose v G ©^ =1 S(— dj) such that Res{(3){v) = (3{u). Thus 
u — v G Ker/3 = Keri?es(/3), and we have u & v + Ker Res (f3) C ©f =1 S(—a,i) as 
required. Then by (0) we obtain 
v q 

dof} 



— — " S (- b i) ^ E t+i ® E n-i{d) 5(c) (exact) 

8=1 j=l 

and since p = q — n + 2 — ( n 7 ) we know that rank Im?/; = 1 so that we have 



— > — > ^ © J ( c ) — > ( exact ) 

1=1 8=1 

for the ideal 7 := <f)(E t+1 © _E„_ 1 (c/))(— c) = © K n _i(d))(—c) as required. 

7 



Next we prove (i) to (ii). Given a long Bourbaki sequence 



— S (~ a i) S (~ b i) © E n-M) /(c) — (exact) 



i=i 



with a graded ideal / C S. Then we have p = q — n + 2+ (™ t x ) since 1 = rank /(c) 
rank_E t+1 © E n _i(d) — q + p. Also since /(c) C S(c) we have 



G Homs(^ + ie£„-i(d),5(c)) 

= Hom 5 (£ m ©£„-i(d),S(-n))(n + c) 

= (s; +1 © /CiM))(™ + c) = (9; +1 (s; +1 ) 



®^_i(^_i(-d)))(n + c). 



Thus there exists a unique (a, 6) G dj +1 (Ef +1 ) © 9*_ 1 (£'*_ 1 (— d)) such that <p o d = 
(a, 6). Now we set ip = (a, 6). Then £ t+2 © E n (d) + N = 9" 1 (Ker0)(c /Q+i © 
K n -i(d)) for some module 0). Let . . . , f3 q } be a minimal set of generators 
of N. Then we have the following diagram: 



0Li 5(-6i) 



{Pl,---,Pq 



E t+1 © K-i(d) 



/(c) ► 



^e^-,^) /(c) 



Then we have obtained /3i, . . . , f3 q G /Q+i © if n _i(d) and (a, 6) G A x B satisfying 
the condition (a) and the numerical condition on p, q, t and n in (6). Also we have 
I = V (K t+1 ®K n ^(d))(-c). 



Now since Kerg = Ker(Res(d) o 0) — Im/ = ®^ =1 S(—di) we readily have the 
following diagram: 



Ker /3 o / 



Ker/3 



o > (p 1 ,...,p q )nE t+2 ®E n (d) ► (Pi,...,p q ) 







Res(d) 



E t+1 ® E n ^(d) 



E t+1 ®E n ^(d) 



Notice that since Ker p C Ker(i?es(9) op) — Ker g = Im / we have the exactness of 
the first row. Since Im(/3 o /) = /3(Ker(ited(d) o /?)) = Ker ites(d) = (Pi, . . . , P q ) n 
£^ +2 © E n (d), we have a well-defined surjection 



/3o/:0S(- 



(p 1 ,...,p q ) nE t+2 ®E n (d). 



1=1 



Thus we obtained the diagram of (6) as required. 



□ 



For any codimension 3 single spot ideal of type (t, K(—c)), there exists a long 
Bourbaki sequence with approximation module E t+ \@H where if is a >S-free module 
jUH]. The following is the case of H = 0, which can be proved with the same idea 
as that of Theorem 12.21 

Theorem 2.3. Following are equivalent, 
(i) We have a long Bourbaki sequence 
p i 
— > S (~ a i) — ► S (- b *) — ► — J ( c ) — ^ ( ea;act ) 

i=l i=l 

where I C S is a graded ideal, 
(ii) We have Pi, . . . , P q G K t+1 \E t+2 and <p G A where 

I n-t 

A = ^(-iy + V(L\{^-}, ([n]\L) U {^})^e^ [n]Xi)u{i . } | L = {z 1; . . . ,i n _ t } C [n] 
such that 

(a) (y? : K t+ \ — ► S(—n) defines a degree 'n + c' homomorphism and Kenp 
(Pt, ...p q ) + E t+1 , and 



(b) we we have the following diagram, with p = q + 1 — ( n t X ) 





Ker Res (P) 



0?=i Si-Oi) 

Res(f3) 



Ker(3 



0Li s(-bi) 



o ► (p 1 ,...,p q )nE t+2 > <&,...,&) 











where ft(gi) = A /or aii z with g±, . . . ,g q the free basis of ©f =1 S(—bi). 
In this case, we have I = <p(K t+ i)(n — c). 

Corollary 2.4. There is no codimension 3 single spot ideal I of type (0, K{— c)) 
wif/i approximation module E t+ i ift — 0. 

Proof. Assume that there exists a codimension 3 single spot ideal / C S of type 
(0, K{— c)) fitting into a long Bourbaki sequence 







G 



E x — /(c) 



0. 



Then by Theorem 12 .3| there exist /3i,...,(3 q G Ki\E 2 and (0 7^)y? G A such that 
((3i, . . . , /3 g ) + F 2 — Ker(y? : — > S(—n)). Since A = (xie* + • • ■ + x„e*) we must 
have Pi, . . . , (3 q G E 2 , a contradiction. □ 

Remark 2.5. In /act, £/ie above Corollary holds for any codimension > 2. Here is 
an outline of the proof. We consider a straightforward extension of Theorem \2. §f a) 
to any codimension r. In this case we consider long Bourbaki sequences 

— > F r _x — > F r _ 2 — > ► iq — > Fi /(c) — > 0. 

and 93 is determined by a nonzero element from A = (x\e\ + • • • + x n e^). 

2.2. Long Bourbaki sequences of non-trivial type. Let n > 4 and t < n — 4 

and consider a long Bourbaki sequence 



(6) 







t+i 



E n _i(d)^I(c) 







with c G Z and 5-free modules F and G. From this sequence, we construct the 
following diagram where the second row is the minimal free resolution of M = 
E t+ i © E n _i(d) and the third row is the mapping cone C(a, (3) of a chain map a © /9, 
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which is a free resolution of 1(c) 
(7) 



dn 9t+4 T r dt+3 





i 

F M G Ker. 

<*l Pi i 

dt+2 dt+i 
)<9„ ©<9„_i 



^ Kn ^...^ Kt+3 _^ ^ +2 — K m — M 

©# n (d) ©^n-i(rf) !</ 



dn dt+4 T r C 



o (d t +i 



^ Kn ^...^ Kt+3 _Ji+ Kf+2 _^ Kf+1 /(c) 

©F ©AT„(d) ©^n-l(rf) I 

©G 



where 



and 



p: K t+2 ®K n (d)®G — ► © K n -i(d) 

(a,b,c) i — ► (d t+2 (a),d n (b)) - (3(c) 



(: K t+3 ®F — ► ir t+2 ©K n (d)©G 

(a, 6) i—. (d t+3 (a),0, /(&))-«(&) 

Let pi : K t+ i © K n _i(d) -> and p 2 : #t+i © K n ^(d) -> K n ^(d) be the 

first and the second projections. From the diagram (JJJ) we know Ker0 = Img = 
(9t+i © 9 n -i) ° /9(G) and then by considering the ranks of the modules in the short 
exact sequence 

(8) — ► Ker0 — > E t+l © E n ^(d) 1(c) — > 
we have 

(n — \ 

(9) rank(Ker ip) = n-2+ ( ^ 
On the other hand, we have 

(10) (d t+1 o Pl of3)(G)(B(d n ^op 2 of3)(G) d (d t+1 ®d n ^)(3(G)=Kei<f ) . 
Thus we have 

/ n — 1 



11) rankl 4+ i + rankl n _i > n — 2 + 



t 



where I m := (d t+1 opi o (3)(G)(C £ t+1 ) and I n _! := (fi^-i op 2 o /3)(G)(C E n ^(d)). 
Since rank^+i = ) and rank E n -i (d) = n — 1 we know from (|TT|) that 

(rank I m , rank I„_ x ) = (f" f M -l,n-l), (T™ ^ ^n-l), or (f™ ^ ^,n-2). 

Under this situation, we have 
Lemma 2.6. Following are equivalent. 
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(i) long Bourbaki sequence (J2J) is of non-trivial type 

(ii) For any free basis {mt}j =l ofG there exists an index i such that (3{rrii) ^ K t+ i 
and (3{mj) K n _i(d). 

Proof. We will prove (i) to (ii). We assume that for all i we have either (3 (mi) € K t+ \ 
or j3(mi) e K n -i(d) and will deduce a contradiction. First of all, we have equality 
in (jmj), and then from (jlljl we have 

n — 2+1 J = rankl t+1 + rankl n _i. 

Thus, we have (rank I t+ i , rank I n _i) = (( n ^ 1 ) — l,n — 1) or ((™~ 1 ), n — 2). Also, since 
Ker = I t+1 © I n _i, we have by (JHJ 

(12) /(c) - (^+i/I t+ i) © (S n _!(d)/I„-l) 

case (rank rank I n _i) = (( n ^ 1 ) — 1, n — 1):: Since we have rank E n -\(d)/\ n -x 
rank£' n _i((i) — rankl„_i = 0, £?„_i/I n _i is or a torsion-module. But 
since J(c) is torsion free, we must have E n -i(d) = I n _i by ((HJ). Thus 
Ker0 = I t+1 © E n -i(d) and then the Bourbaki sequence © must be of 
trivial-type 

— > F' © K n ^ C © /f B _! ^'^T 1 © E^i(d) 1(c) — > 

where — > F' — ► G" — ► — ► is a 5-free resolution of It+i, a contradiction, 
case (rank rank I n _i) = (( n ~ ), n — 2):: In this case we have rank Et+i /It+i = 
0. Since £' f+ i/I t+ i C /(c) and 7(c) is torsion-free, we must have E t+ i/lt+i = 
0. Thus Ker = E t +i © I n -i and the Bourbaki sequence © is 

U >■ A n © L/ n >■ • • • > K t+1 © (y t+ i 



1 ^©^i -^J(c)— 0. 



But then we must have t > n — 2, which contradicts to the assumption that 
£ < n-4. 

Now we show (ii) to (i). Assume that © is of trivial type. Then we must have 
[3(G) = p\((3(G)) ®p 2 ((3(G)). From this we immediately obtain the required result. 

□ 

From Lemma [2.61 we immediately have 

Theorem 2.7. Under the situation of Theorem \2. 6 A the long Bourbaki sequence is 
of non-trivial type if and only if 

(i) the condition Theorem \2."A (ii) holds, and 

(ii) the submodule N := (f3\, . . . , j3 q ) of K t+ \ © K n _i(d) cannot be decomposed in 
the form of N = A® B for some (0 ^)A C K t+1 and (0 ^f)B C K n -i(d) 
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3. Numerical Characterizations 

Existence of long Bourbaki sequence as in Theorem 12.21 and 12.31 only implies that 
/ is a single spot ideal of codimension at most 3. To assure that the codimension 
is exactly 3, we need additional condition. In this section, we give a numerical 
condition to assure codim/ = 3 for long Bourbaki sequences with approximation 
modules E t+1 © E n _i(d). 

We assume n > 4 and t < n — 4, and let / C S be a graded ideal fitting into a 
long Bourbaki sequence 

(13) — ► F G M -U 1(c) — ► 

with M = E t+l ©E ft _i(d), F = ® p i=1 S(-ai) and G = 0? =1 S(-bi) are S-free 
modules and cGZ. As in Theorem 12.21 we have 

(14) q = p+(^~ 1 ^j+n-2. 

Now from the sequence (fT3*j). we construct the mapping cone C(a,P) as in J7J). 
The cone gives a 5-free resolution F, of the residue ring S/ I. 

F. : — > F„_ t — > ► Fx -> F -> 5// -> 

where 

Fo = S 

Fx = K t+l {-c)®K n _ l {d-c) = S(-t-l-cf 1 ®S(-n + l + d-c) n 
F 2 = K t+2 (-c)®K n (d-c)®G(-c) 

= S(-t - 2 - cf 2 © S(-n + d - c) © S(-bi - c) 

8=1 

F 3 = ^ +3 (-c)©F(-c) = S(-t-3-c) fe ©0 1 S(-a i -c) 

i=l 

Fi = K t+i (-c) = S{-t-i-c) Pi (4<i<n-t) 
with A = I I i = 1, . . . , n — t. 

v+v 

Notice that this resolution is minmal if and only if matrix representations of a and 
f3 only have their entries from m. 

Now we compute the Hilbert series Hilb(S/I, A) of S/L We have 

(15) Hilb(S/I, A) = 
with 

<2(A) = ^(-1)%-^ 



nA n-l+c-d ^ 

i=l 
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9 P n / \ 

+ A n+c ^ + A&!+c - Aa,;+C + (- i )'^ c ( n ) A * 

i=l i=l i=t+l ' 



where are as in Fj = ® . S(—jY ij , (i — 0, . . . ,n — t). (see Lemma 4.1.13 

Since we have H l m (S/I) = f4 +1 (M) for < z < n - 4 by JTJ, we know that 
dim S/I > n — 3, i.e., codim/ < 3. To assure that codimJ > 3 we must have 
Q(l) = Q'(l) = Q"(l) = (see Corollary 4.1.14(a) 0). 

Proposition 3.1. Q(l) = holds for alln,t,c and p. 

Proof. We compute using (jHj) 



«(D=("7 i ) t Mr(:) 

^ ' i=t+l ^ ' 



n — 1 



— rank.E t+ i = 0. 



where the last equation follows from the Koszul resolution of E t+ i\ 

— > K n — ► if„_i — ► • ■ ■ — ► K t+1 — ► E t+1 — ► (exact). 

Proposition 3.2. Q'(l) = holds if and only if 

Y^k - = n 2 - (2 + d)n + c + d+ ^ _ Q + f ^i. 

Proof. We compute using (fPfj) 

Q'(l) = -n 2 + (2 + d)n-c-d + ]>>-][>- (_1)m 2 W J'' 

i=l i=l i=t+l ^ ' 

and we know 

(i6) <-i)« e (-i)-(^: = (-D'tt-D'd)- - Crf) + f- : 'V 

i=t+l \ ' i=0 ^ ' 



□ 



t — i y v * 

where the last equation is given in Example 2.3 0]. □ 

Now before we go further, we need to show a combinatorial equation. 
Lemma 3.3. 



D m E (-!)'(") 

i=t+l ^ ' 



^ r ; 1 )( t+lf -(«-) (2t+1) - 2 ( : : i 3 



Proof. Let A = (— 1)* +1 S"=t + i( — l) l (?]2 2 - ^ straightforward computation using the 
binomial coefficient theorem and (|16|) shows that 



z(i-l) 



i=2 

t , s 

~~ " " \t+l 



-i)<«4 + £(-!)< Q 



i(i-l) -(-!)' 



i=2 
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n - 2\ (n - 1 



Thus we have 



(17) 



Now we will compute the last term. Set 



a(n, 



o = (-i)'E(- 1 ) i (i) < ( < 



and we compute 



a(n, t) + a(n — 1, t — 1) 



^("; 1 )- 2( -i)<t(-ir("- 1 



z + 2(-l) i (n- l)-a(n-l,t). 



Also we have 



a(n - 1, t - 1) + a(n -1,0 = *(* - 1) 



n — 1 



Thus by using (fTfij) 



a(n, i) 



t(t+ 1) 
t(t+l) 



n — 1 
f 

+2(-l)'(n-l) 



2(-l)'(n-l) 



i=2 

n - 2 
t 



?2 — 3 
t-1 



+ (-l)'(n-l) 



t(t+ 1) 



n — 1 



,'n - 2\ (n - 3 

2,1 , - 2 U-i 



Substiting this into (fTTj). we obtain the desired result. 
Proposition 3.4. Q"(l) = ZioZds i/ and only if 



□ 



i=i i=i 



n 3 - (3 + 2d)n 2 + (d 2 + 4d + l)n - c 2 - d 2 
n — 1 
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n — 2\ , , / n — 3 

( (2(+1) - 2 U-i 



Proof. We compute 



Q"(l) = c + d-c 2 + d 2 -2cd + (4c-3-d 2 - hd + 2cd)n + {A - 2c + 2d)n 2 - n 3 



-(2c -1) 



n - 2 \ /n-1, 

*-i + * " 



\i=i i=i 
c 2 + d 2 - (d 2 + 4d + l)n + (3 + 2d)n 2 - n 

+E 6 <-E°?+(- 1 >'E(- 1 > i (") i2 

i=l i=l i=t+l ^ ' 



+E 6 ?-E a ? 

1=1 8=1 

d'e (-!)*(:> 

j=t+i w 



where the last equation is by Proposition 13.21 Then by Lemma 13.31 we obtain the 
desired result. □ 



To summer ize, we obtain 

Theorem 3.5. Let n > 4 and t < n — 4. Assume that we have the following long 
Bourbaki sequence 



— > £ t+1 © E n ^(d) — > /(c) — > 



i=i 



j=i 



wzi/i I C S a graded ideal and c G Z. T/ien we nave codim/ < 3 and the equality 
holds if and only if 



(1) q = p+( n - 1 )+n-2; 



(2) Y^bi-^ai = n 2 - {2 + d)n + c + d + _ J) + (\ ^ 



t; 



i=l i=l 

(3) and 



E'. 2 -E< 

i=i i=i 



n 3 - (3 + 2d)n 2 + (d 2 + 4d + l)n - c 2 - d 2 



'n — 1 \ . n9 / n — 2\ , . [n — 3 



4. Examples 



Example 4.1. VFe first give an application of Theorem \2.<A Namely, a single 
spot ideal I with approximation module E t+ x. Let t = 1 and n — 6. Then A = 
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{A u A 2 , A 3 , A 4 , A 5 , Aq} = d* 2 (E* 2 ) c K* where 



A x = xie* w + x 2 e* 26 + x 3 e* 36 + x±e* m + x 5 e* 56 

A 2 = -X!e* 15 - x 2 e 25 - x 3 e* 35 - x A e* 45 + x 6 e* 56 

A 3 = x x e\i + x 2 e* 24 + x 3 e* 3i - x 5 e* 45 - x % e* m 

A 4 = — X\e 13 — x 2 e 23 + x^e 34 + x^e 35 + x$e 3 Q 

A5 = X\e^2 x 3 e 23 ^4 e 24 • r 5 e 25 X 6 e 26 

A 6 = x 2 e* 12 + x 3 e* 13 + x 4 e* u + x 5 e* 15 + x 6 e* w . 



Now let a e A and Pi (i = 1, ... ,6) be as follows: 



a = xqAi - x 5 A 2 + x 4 A 3 

= xix 4 e* u + x ± x 5 e* 15 + x^e^ + x 2 x 4 e 24 x 2 x 5 e 25 + x 2 x 6 e 26 + x 3 x A e* 34 + x 3 x^e* 3f> 
+x 3 x & e* m 

Pi = ei2, P2 = ei 3 , P3 = e 23 , pi = e 45 , p 5 = e 46 , p 6 = e 56 



Then we have 

Ker(a :K 2 @K^S) = (ft, ...,&)+ £3 



and, for the map P : @ i=1 S(—2) ^ K 2 (B K 5 such that P(rrii) — Pi (i — 1, . . . , 6) 
where {mi} is a free basis, we obtain the diagram 



x 3 mi - x 2 m 2 + Xim 3 , 
xqiji^ — x$m 5 + x^m% 

Res(fi) 

{P 1 ,...,P 6 )DE 3 



(mi, . . . ,m 6 ) 



(Pi,---,Pe) 





and a defines a degree homomorphism from E 2 to S. Then we obtain the long 
Bourbaki sequence 



— > S 2 (-3) M S 6 (-2) E 2 / 
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where 
/: 



g: s« 

and 



S 2 (-3) = S ni ®Sn 2 

m 

n 2 



S%-2) = S mi ®---®Sm 6 

X31711 — 12^2 + Xim 3 
x§rrii — X57715 + x$m§ 



Sun © 

E 2 
d 2 {eij) 

d 2 (eij) 



Srrif 



d 2 (Pi 



E 2 

a = 1, 



■ 6) 



for = (1, 2), (1, 3), (2, 3), (4, 5), (4, 6), (5, 6) 

1 — ► 

for + (1, 2), (1, 3), (2, 3), (4, 5), (4, 6), (5, 6) 



and we obtain I = (X1X4, X1X5, x\Xq, x 2 X4, x 2 x$, x 2 xq, X3X4, X3X5, x 3 xq) 
a codimension 3 single spot ideal of type (1, K). 



{xi,x 2 ,x 3 )(x 4: ,x 5 , 



Example 4.2. We continue to consider the situation in Example \4-l\ As an ap- 
plication of Theorem \2. 6 A we can see that the same ideal fits into a long Bour- 
baki sequence with approximation module E t+ \ © E n _\ = E\ © E$. In this case, 
we must also consider B = {B^ | 1 < i < j < 6} = d^(E^) C K§ where 
Bij = (— l) l ^ef 6 ]w — (— lYxiet^ ,. Then we set a G A as in Example \4-1\ and 

b = -xlx 2 x^B 14: = x\x 2 x\e* 2Z ^ + x\x 2 x±e* X2zm e B. 
Also we set 0i, . . . , 0% to be the same as those in Example \4-1\ and 0-j = X\x 2 x^e.\^ — 

^23456; 08 — X 1 X2ei4 — ei2356; 09 = ^13456, 010 = ^12456; 011 = ^12346; 012 = ^12345 ■ 



Notice that {0i\l=i satisfies the condition of Theorem IT 7 ). Then ip = (a,b) defines 
a degree map on E 2 © E$, and we have 

Ker<p = (0x,...,0 12 ) + E 3 ®E 6 

and the diagram 





£3mi — X 2 7Jl 2 + Xl17l3, XqUI^ — X^Ul^ + 247776, 
a;i777 7 — X4r77g + £2^9 — X3r77io — Xsmii + £677712 

Res(f3) 

(0 1 ,...,0 6 )nE 3 ®E 6 



-> (mi, ... ,77712) 



- (01,... 012) 





Then we have a long Bourbaki sequence of non-trivial type 

— > S 2 (-3) © S{-6) S%-2) © S 6 (-5) E 2 © E 5 / — > 
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where 



f : S 2 (-3) © 5(-6) = Sni © Sn 2 © Sn 3 — ► S 6 (-2) = Sm x © • • • © Sm 6 

n\ i — > X31711 — x 2 m 2 + xim 3 

n 2 1 — > x 6 m 4 — x 5 m 5 + Xijn§ 

n 3 1 — ► xim-j — x^rris + x 2 m§ 

-x 3 m 10 - x 5 mu + x 6 m 12 

g: S 6 (-2) = Srm © • • • © Sm 6 — ► E 2 © E 5 

m t .— > 5(A) (2 = 1,..., 12) 



where d = d 2 © d$ 



and 



) ' ^ X{X ' 

for (i,j) = (1,2), (1,3), (2,3), (4, 5), (4, 6), (5, 6) 
d 2 {e ij ) 1 — > 

for (i, j) ± (1, 2), (1, 3), (2, 3), (4, 5), (4, 6), (5, 6) 

<95(e 2 3456) 1 * x\x 2 x\ 

%{P\2Z$%) 1 ► x\x 2 Xi 

d 5 {eijkim) 1 — > otherwise 



and the ideal I is the same as that in Example \4-l\ We can also check that this 
sequence satisfies the numerical condition in Theorem \3.ol 



Example 4.3. By Corollary \2.J\ we do not have a long Bourbaki sequence with an 
approximation module E\ and a codimension 3 generalized CM ideal I . However, 
there are long Bourbaki sequences with approximation modules Ei@E^{d) ford e Z 7 
which is an application of Theorem \2.2\ Let k = 1 and n = 6. Then 



A = (xie* H h x 6 e* 6 ) 

B = (B tf = (-l) i x i efe| V -(-iyx ie J 5V :l<i<i<6>. 



Let (f = (a, b) be 



a = x\e\ + x\x 2 e 2 + x\x 3 e\ + x\x±e\ + x\x$e\ + x\x§e\ 
b = -xlB m + x\B 2Z 
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and set G Fi © F 5 (l) to be as follows: 



Pi — — ^6 e 12345 + ^5 e 12346 

ft 5 2 

P2 = ^6 e 3 — ^1^13456 

As = x\e 2 - xle 12 456 

Pi = x\x^C 2 — Xiei2345 

Pe — x\x§e 2 — x\eyizm 

Pe — —X§ei23AQ + £2 e 12456 

Pi — e 2 3456 

P% = ei2356- 



Notice that Pi ^ F 2 © F 6 (l) for all i, i.e., the condition in Theorem IT7 is satisfied. 
Then we can check 

(1) Ker(<^ : K x © F 5 (l) -> S(-6) = (Pi, . . . , p s ) + E 2 © F 6 (l) and 9? zs a decree 
8 homomorphism, and 

(2) £/ie diagram 





► 



Kernes 



F' 



Ker ,3 



G 



-> 



Res(j3) 



► (A,...,/3 8 )nF 2 ©F 6 (l) ► (Pi,...,p 8 ) 



where 

G = (m 1 ,...,m 8 ) = 5(-5)©5 4 (-6)©5(-8)©5 2 (-4) 

/ —x\m\ + x 6 m 4 — x 5 m 5 , x\m- i — x\m 5 + x^m 6 
\ —x\mi—X2rn2 + x^m^ — x\rriT J rx\x4m^ 

Ker /3 = Ker Res(P) = (—x\m\ + x 6 m 4 — x 5 m 5 , a; 2 m 3 — £gm 5 + i|m 6 ) 



T/iws we /iave a long Bourbaki sequence 

O^F^G^F!© F 5 (l) 1(2) -> 

where g{rrii) = Pi, i = 1, . . . , 8, and F = S(— 10) © S 2 (—7) = (it, u, w) with f{u) = 
x\m- i — igm 4 + x\m§, f{v) = —xfm 1 + x 6 m 4 — x 5 m 5 and f(w) = —x\m\ — x 2 m 2 + 
^3^3 — x\m-j + x\xtfn%. The map is as follows: <p(xi) = Xix\ (i = 1, ... ,6), 
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0(^5(ei2345)) = A X S> 0(<9 5 (ei2346)) = ^2^6, 0(^5 (ei235e) ) = 0, (f)(d 5 (e 12 45e) ) = X 2 0%, 

0(^5( e i3456)) — x z x \, an d 0(^5(623456)) = 0. The ideal is I = Imip = x\m + 
(xlx 6 , x^x 5 , x 3 xl, x 2 Xg). Finally we can check that this Bourbaki sequence satisfies 
the numerical condition of Theorem ^. 5\ 
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